Let R be a discrete valuation ring with fraction field K, uniformizer π and residue field k of characteristic p > 0. Let X K be a flat K-scheme of finite type endowed with a faithful action of a finite group scheme G. Given an R-model X to which the action extends, it may happen that the reduced action on the special fibre acquires a kernel, especially if p divides |G|. Typically, this happens if K has characteristic 0 and X K = A K is an abelian variety of dimension g with rational p-torsion, G = (Z/pZ) 2g acts by translations, and X = A is the Néron model. However, in this example we feel that there is a better group acting : namely the p-torsion subgroup A[p] acts faithfully on both fibres of A. In general, under the natural assumptions below, we will prove that there always exists a group G faithful on the special fibre, coming with a dominant map G → G which is an isomorphism on the generic fibre. In our setting, we shall actually consider that a model X with an action of G is given from the start, and call G the effective model for the action.
scheme is constant on irreducible components of Y k , and also that it extends to nodes p ∈ Y k lying on one single component (without the need of a twisting), see corollary 1.3.2.
The main theorem occupies section 1 of the paper. Finally we remark that the construction of Raynaud's group scheme in [Ab] can be carried out without assumptions on |G|, as well as ours. The trouble is that in general one does not get a torsor structure on the special fibre, as is known to the experts (see Saïdi [Sa1] for an example). Our effective model gives an explanation for this, illustrated by several examples exposed in section 2.
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Models for finite group actions
Throughout we fix a discrete valuation ring R with fraction field K, uniformizer π and residue field k of characteristic p > 0. For G a group scheme over R, we denote by R [G] or simply RG its ring of functions.
Definitions, basic properties
We first recall some well-known properties of the scheme-theoretic image for morphisms over a discrete valuation ring R, and we fix some terminology.
(i) Let f : W → X be a morphism of R-schemes such that f * O W is quasi-coherent. Then there exists a smallest closed subscheme X ′ ⊂ X such that f factors through X ′ . We call it the schematic image of f . If it is equal to X we say that f is dominant.
(ii) If W = Z K is a closed subscheme of the generic fibre of X and f is the canonical immersion, then the schematic image is called the schematic closure of Z K in X. It is the unique closed subscheme Z ⊂ X which is flat over R and satisfies Z ⊗ K = Z K .
(iii) Let X be a scheme over R. A family of closed subschemes Z α ⊂ X with ideal sheaves I α is called schematically dense in X if the morphism ∐Z α → X is dominant. In other words this means that ∩ I α = 0 in O X . Any other family Z ′ β ⊂ X such that for any α there exists one β with Z α ⊂ Z ′ β , is again schematically dense in X. (iv) Let G be a finite, flat group scheme over R and let X be an R-scheme. Let µ : G × X → X be an action. Then µ is a finite, flat morphism of finite presentation. If Z ⊂ X is a closed subscheme we denote by G.Z the schematic image of G × Z under µ. If Z is finite (resp. flat) over R, then G.Z also is.
We now recall from [Ra2] , § 2 the relation of domination between models of a group : Definition 1.1.1 (i) Let G 1 and G 2 be finite flat group schemes over R with an isomorphism u K : G 1,K → G 2,K . We say that G 1 dominates G 2 and we write G 1 G 2 , if we are given an R-morphism u : G 1 → G 2 which restricts to u K on the generic fibre. If moreover G 1 and G 2 act on X, we say that G 1 dominates G 2 compatibly (with the actions) if
(ii) Let G be a finite flat group scheme over R. Let X a flat scheme over R. Let µ : G × X → X be an action, faithful on the generic fibre. An effective model for µ is a finite flat R-group scheme G acting on X, dominated by G compatibly, such that G acts universally faithfully on X, that is to say, faithfully both on the generic and the special fibre. Lemma 1.1.2 An effective model is unique up to unique isomorphism, if it exists.
Proof : Giving the action is the same as giving a morphism of fppf sheaves f : G → Aut R (X). The requirements of universal effectivity and of flatness say that if it exists, G must be the scheme-theoretic closure of G K in the fppf sheaf Aut R (X), as defined in [Ra1] , § 3.
We recall that an action µ : G × X → X is called admissible if X can be covered by G-stable open affine subschemes. Proposition 1.1.3 Let G be a finite flat group scheme over R. Let X a flat scheme over R and µ : G × X → X an admissible action, faithful on the generic fibre. Assume that there exists an effective model G → G. Then, (i) If H is a finite flat subgroup of G, the restriction of the action to H has an effective model H which is the schematic image of H in G. If H is normal in G, then H is normal in G.
(ii) The identity of X induces an isomorphism X/G ≃ X/G.
(iii) Assume that G isétale and note p = char(k). Let N ⊳ G be the (unique) subgroup of G such that N k is the kernel of the action on X k . Then, its effective model N is a connected p-group.
(iv) Assume that there is an open subset U ⊂ X which is schematically dense in any fibre of X → Spec(R), such that G acts freely on U . Then for any closed normal subgroup H ⊳ G, the effective model of G/H acting on X/H is G/H.
(v) Under assumptions (iii)+(iv) the model G has a connected-étale sequence
(ii) Locally, X = Spec(A) and X/G is defined as the spectrum of the ring
is trivial (as a morphism of sheaves), the morphism N k → N k also is. Moreover, N → N is dominant and closed hence surjective. Hence N k is infinitesimal so N is a p-group. Let us show that it is connected. We may and do assume that R is complete. Then N has a connected-étale sequence, we denote theétale quotient by Né t . The composite map t : N → N → Né t is trivial on the special fibre. Moreover, t is determined by its restriction to the special fibre because it is a morphism betweenétale schemes. So it is globally trivial. As t is dominant we get Né t = 1 thus N is connected. (iv) Clearly H acts admissibly, and X/H ∼ −→ X/H by (ii). We just have to show that G/H acts universally faithfully on X/H. Under the assumption of existence of U ⊂ X, one checks easily that this follows from the fact that G acts universally faithfully on X. (v) Apply (iv) to H = N .
Existence
In this section, our aim is to prove that an effective model exists when the scheme X is of finite type over R with reduced special fibre (corollary 1.2.3 below). For the moment let G be a finite flat group scheme over R and let X be a flat R-scheme on which G acts (no reducedness assumption). As always we assume that the action µ is faithful on the generic fibre. Lemma 1.2.1 If X is proper, there exists an effective model for the action of G.
Proof : In this case, Artin has shown that the fpqc sheaf of automorphisms Aut R (X) is an algebraic space locally of finite presentation. Moreover, X being flat over R, it is separated. It follows that Aut R (X) is actually a scheme ( [An] , chapter IV). By assumption we have a morphism u : G → Aut R (X) and G K is a closed subscheme of Aut K (X K ). We call G the schematic image of u. It is finite and flat over R. By its definition, G acts universally faithfully on X.
We denote by F the family of all closed subschemes Z ⊂ X which are finite and flat over R. Theorem 1.2.2 Let X be a flat R-scheme and µ : G × X → X an action. Assume that X is covered by G-stable open affines U i with function ring separated for the π-adic topology, such that G acts faithfully on the generic fibre U i,K . Assume that F k (the family of all Z k ) is schematically dense in X k . Then there exists an effective model for the action of G.
Proof :
The proof is divided into three steps :
(1) The subfamily F * of all Z such that G stabilizes Z and acts faithfully on Z K is again schematically dense in the special fibre X k .
The point here is that, by lemma 1.2.1, for any Z ∈ F * there is an effective model G → G Z .
(2) There exists Z ∈ F * such that G := G Z acts on all subschemes Z ∈ F * .
(3) The group G is the effective model of the action of G.
Let us prove (1). If Z ∈ F then the orbit G.Z (see 1.1(iv)) is again in F. Also, F is stable under union of subschemes, in the sense of intersection of defining ideals. Moreover, F * contains at least one element Z 0 : consider a finite K-subscheme of X K , on which G K acts faithfully, and look at its schematic closure in X. Therefore F * contains all G.Z ∪ Z 0 , for Z ∈ F, so a fortiori F * k is schematically dense in X k (see 1.1(iii)). We now prove (2). As already said, F is a filtering set with the order given by inclusion. If Z 1 ⊂ Z 2 then G Z 2 stabilizes Z 1 (because this is true on the generic fibre). Hence the effective model for G Z 2 acting on Z 1 can be identified with G Z 1 , and there is a map
This gives inclusions of structure rings RG Z 1 ⊂ RG Z 2 ⊂ RG. As RG is a finite R-module there exists Z ∈ F * such that RG Z contains all the other RG Z . Therefore G Z acts on all Z's.
It only remains to prove (3). The point is to see that G acts on X. In view of the assumptions of the theorem, in order to construct this action we can assume that X is affine and G-stable, equal to Spec(A) with A separated for the π-adic topology. For Z ∈ F * denote by I Z its ideal in A. Consider the flat R-algebra A := lim
The kernel of the natural map A → A is the intersection of all I Z . Under reduction modulo π, this intersection maps inside ∩ (I Z ⊗ k). By step (1) this is zero, so ∩ I Z ⊂ πA. As the quotients A/I Z have no π-torsion, it follows that ∩ I Z ⊂ π n A for all n. As A is separated for the π-adic topology, we get ∩ I Z = 0. So we have a diagram with all morphisms injective
Moreover we have A ∩ A K = A. Indeed an element in A ∩ A K is written a/π d with a ∈ A and d minimal, such that there exists a system (a Z ) Z∈F with a ≡ π d a Z modulo I Z for all Z. If d 1, reducing modulo π we get a ≡ 0 modulo I Z ⊗ k. From ∩ I Z ⊗ k = 0 it follows that a ∈ πA, which is a contradiction. Hence a/π d ∈ A. We write µ ♯ Z : A/I Z → RG ⊗ A/I Z for the coactions (step (2)). As RG is finite free over R, tensor product and inverse limit commute so we can pass to the limit and obtain
On the generic fibre, all actions are induced from µ so that
Thus µ ♯ extends to an action of G on X, universally faithful by construction.
For algebraic schemes, we will use theorem 1.2.2 in the following more convenient version.
Corollary 1.2.3 Let G be a finite flat group scheme over R. Let X be a flat scheme of finite type over R and let µ : G × X → X be an action. We assume that X is covered by G-stable open affines U i with function ring separated for the π-adic topology, such that G acts faithfully on the generic fibre U i,K . Then, if X has reduced special fibre, there exists an effective model for the action of G.
Proof : If we have an effective model G h after extension to the henselization R h , then by unicity it descends to R as well as the action. So we may assume that R is henselian. We will prove that the family F k (notation of 1.2.2) contains the set of Cohen-Macaulay points, which is dense open. Since X k is reduced, it follows that F k is schematically dense and we can apply theorem 1.2.2. So let x ∈ X k be Cohen-Macaulay and let (r i ) 1 i m be a system of parameters for the ring O X k ,x . On an affine neighbourhood U = Spec(A) of x in X, pick sections s 1 , . . . , s m ∈ A whose germ at x map to r i in O X k ,x . Let Y be the closed subscheme of U defined by the vanishing of the s i . As (r i ) is a regular sequence, it follows that O Y,x is flat over R. Furthermore, O Y k ,x is artinian (by the Cohen-Macaulay assumption) hence O Y,x is also quasi-finite over R. Since R is henselian O Y,x is even finite over R. Hence the schematic image of Spec(O Y,x ) in X is a subscheme Z ∈ F which contains x.
Applications to Raynaud's group scheme
Here we explain the link between our effective model and the constructions in [Ab] , in particular we derive some new features of the so-called Raynaud's group scheme presented therein. Construction 1.3.1 Let X and G be as in corollary 1.2.3. Let f : X → Y = X/G be the quotient morphism. Let Z 1 , . . . , Z r be the orbits of irreducible components of X k under the action of G. Let U i denote the open subscheme of X obtained by removing all the components of X k except those in the orbit Z i . Let
In Y we consider V i := f (U i ) and Y * := f (X * ). By theorem 1.2.3 there is a finite flat group scheme G i → Spec(R) which is an effective model for the action of G on U i . Let G be the flat group scheme over Y * obtained by glueing the schemes G i × V i along X K . We call it Raynaud's group scheme.
Note that X * and Y * strictly contain the smooth loci of X and Y : actually the only singularities that are omitted are the intersections of components of the special fibre. Moreover, under the assumptions of theorem 3.1.1 of [Ab] , by unicity it is clear that our group scheme G → Y * coincides with Raynaud's group scheme as defined in [Ab] over the smooth locus. Thus we obtain : Corollary 1.3.2 Let X be a stable curve over R with smooth generic fiber, G a finite group acting on X, and Y = X/G. Assume that the closure of fixed points of G in X K are disjoint sections lying in the smooth locus X sm . Assume p 2 ||G| and the p-Sylow subgroup of G is normal. Let G → Y sm be Raynaud's group scheme as in theorem 3.1.1 of [Ab] (notations X and Y are inverted there). Then G is constant on (orbits of ) irreducible components of the special fibre, and it extends to nodes p ∈ Y k lying on one single component.
We stress that the fact that G extends to some nodes does not mean that the extension of G defined in [Ab] , § 3.2 is representable by a scheme at these points, because the latter is actually endowed with a supplementary stack structure so as to make the covering into a torsor (always assuming that p 2 does not divide |G|).
When |G| is arbitrary, X * → Y * will not be a torsor under G, because general points in the special fibre of X * may have nontrivial stabilizers. Note that this prevents any hope of commutation between quotient and base change. We will see an example of this for G = Z/p 2 Z in the next section.
Examples
Computations of effective models provide a whole zoo of finite flat group schemes. Effective models of (Z/pZ) R appear in [OSS] , I. § 2 or [He] , § 1 for degenerations of µ p -torsors in unequal characteristics and in [Ma] , § 3.2 for degenerations of Z/pZ-torsors in equal characteristic p > 0. Now we give examples in degree p 2 . Recently Mohamed Saïdi studied degenerations of torsors under Z/p 2 Z in equal characteristics [Sa2] . He computed equations for such degenerations ; here we will provide the group scheme which extends the Z/p 2 Z action on this set of equations. We will study one case where one gets a torsor structure, and one where this fails to happen (of course all cases in theorem 2.4.3. of [Sa2] could be treated similarly).
Note that it is very likely that one could give similar examples in the case of mixed characteristics, using the Kummer-to-Artin-Schreier isogeny of Sekiguchi and Suwa in degree p 2 . The computations would just be (possibly substantially) more complicated.
Witt vectors of length 2
We assume that R is complete and has equal characteristics p > 0, so R ≃ k [[π] ]. Under this assumption, torsors under Z/p 2 Z are described by Witt theory.
2.1.1 Classical Witt theory. First we briefly recall the notations of Witt theory in degree p 2 (see [DG] , chap. V). The group scheme of Witt vectors of length 2 over R has underlying scheme W 2,R = Spec(R[u 1 , u 2 ]) ≃ A 2 R with multiplication law
Here we put once for all where (a 1 , a 2 ) ∈ W 2 (A) is a Witt vector and the substraction is that of Witt vectors. Furthermore, (a 1 , a 2 ) is well-defined up to addition of elements of the form F (c 1 , c 2 ) − (c 1 , c 2 ). Note that
We emphasize that the Hopf algebra of (Z/p 2 Z) R is
with comultiplication that of W 2 .
2.1.2 Twisted forms of W 2 . Let λ, µ, ν be elements of R. We define a "twisted" group W λ 2 as the group with underlying scheme Spec(R[u 1 , u 2 ]) and multiplication law given by 
